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Abstract In this work, a two-dimensional problem of distribution of thermal stresses
and temperature in a linear theory of a generalized thermoelastic half-space under the
action of a body force and subjected to a thermal shock on the bounding plane is
considered. Heat sources permeate the medium. The problem is in the context of the
theory of generalized thermoelasticity with one relaxation time. Laplace and exponen-
tial Fourier transform techniques are used. The solution in the transformed domain is
obtained by a direct approach. The inverse double transform is evaluated numerically.
Numerical results are obtained and represented graphically.
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1 Introduction

Thermal stresses arise in many familiar areas and have been a subject of interest.
They are frequently an important factor in determining material life. In coupled the-
ory of thermoelasticity, if an elastic continuum is subjected to a mechanical or ther-
mal disturbance, the effect of the disturbance will be felt instantaneously in both the
fields as governing equations are coupled. Physically, this means that a portion of
the disturbance has an infinite velocity of propagation. Such behavior is physically
inadmissible. Lord and Shulman [1] have presented the generalized theory of thermo-
elasticity to eliminate this paradox by employing a more general functional relation
between heat flow and the temperature gradient. They considered the relaxation time
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as the time lag needed for the onset of a thermal wave. Dhaliwal and Sherief [2]
extended this theory to include the anisotropic case. The uniqueness of a solution
for this theory was proved under different conditions by Ignaczak [3], by Sherief and
Dhaliwal [4], and by Sherief [5]. The state space approach to this theory was developed
by Anwar and Sherief [6] and by Sherief [7] for one-dimensional problems and by
Sherief and Anwar [8] for two-dimensional problems. The fundamental solution for
this theory was obtained by Sherief [9] and by Sherief and Anwar [10]. Sherief and
El-Maghraby [11] have solved a problem for a penny-shaped crack in an infinite
thermoelastic solid and have obtained the solution for a Mode-I crack problem in
an infinite space in [12]. Sherief and Helmy have solved a two-dimensional problem
in [13]. A two-dimensional problem for a half-space and for a thick plate with heat
sources has been solved by El-Maghraby [14,15]. A one-dimensional problem for a
half-space under the action of a body force has been solved by Heba Saleh [16]. A
two-dimensional problem for a thick plate under the action of a body force in two
relaxation times has been solved by El-Maghraby [17]. Mallik and Kanoria [18] have
solved a two-dimensional problem for a transversely isotropic generalized thick plate
with spatially varying heat.

In this work, we consider a two-dimensional problem of distribution of thermal
stresses and temperature in a linear theory of a generalized thermoelastic half-space
under the action of a body force and subjected to a thermal shock on the bounding
plane. Heat sources permeate the medium. The problem is in the context of the the-
ory of generalized thermoelasticity with one relaxation time. Laplace and exponential
Fourier transform techniques are used. The solution in the transformed domain is
obtained by a direct approach. The inverse double transform is evaluated numerically.
Numerical results are obtained and represented graphically.

2 Formulation of the Problem

We consider a homogeneous isotropic thermoelastic solid occupying the half-space
x ≥ 0. The x-axis is taken perpendicular to the bounding plane pointing inward. We
also assume that the initial state of the medium is quiescent. The bounding surface is
kept at a given temperature that is a function of y. The displacement vector thus has
the form,

u = (u, v, 0).

The equations of motion can be written as [16]

ρ
∂2u
∂t2 = (λ + μ)grad e + μ∇u − γ grad T + ρFx , (1)

ρ
∂2v

∂t2 = (λ + μ)grad e + μ∇2v − γ grad T + ρFy . (2)
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The generalized equation of heat conduction has the form [14],

k∇2T =
(

∂

∂t
+ τ0

∂2

∂t2

)
(ρcE T + γ T0e) − ρ

(
1 + τ0

∂

∂t

)
Q (3)

In the above equations, T is the absolute temperature and e is the cubical dilatation
given by the relation [14],

e = div u = ∂u

∂x
+ ∂v

∂y
. (4)

In the preceding equations, ρ is the density, λ and μ are Lamé’s constants, k is the
thermal conductivity, γ is a material constant given by γ = (3λ + 2μ)αt , αt being
the coefficient of linear thermal expansion, T0 is a reference temperature assumed to
be such that |(T − T0)/T0| � 1, cE is the specific heat at constant strain, and τ0 is
a constant with the dimensions of time that acts as a relaxation time. A dot denotes
differentiation with respect to time, whereas ∇2 is Laplace’s operator, given in our
case by

∇2 = ∂2

∂x2 + ∂2

∂y2 .

The components of the stress tensor are given by

σi j = 2μei j + [
λe − γ (T − T0)

]
δi j . (5)

We shall use the following non-dimensional variables:

x ′ = c1ηx y′ = c1ηy u′ = c1ηu v′ = c1ηv

t ′ = c2
1ηt τ

′
0 = c2

1ητ0 F
′
x = ρFx

(λ + 2μ)c1η
F

′
y = ρFy

(λ + 2μ)c1η

σ
′
i j = σi j

μ
θ = γ (T − T0)

(λ + 2μ)
Q

′ = ρ γ Q

k c2
1η

2 (λ + 2μ)
,

where η = ρcE
k and c1 =

√
λ+2μ

ρ
. c1 is the speed of propagation of isothermal longitu-

dinal elastic waves. Using the above dimensionless variables, the governing equations
take the form (dropping the primes for convenience),

β2 ∂2u

∂t2 = (β2 − 1)
∂e

∂x
+ ∇2u − β2 ∂θ

∂x
+ β2 Fx (6)

β2 ∂2v

∂t2 = (β2 − 1)
∂e

∂y
+ ∇2v − β2 ∂θ

∂y
+ β2 Fy (7)

∇2 θ =
(

∂

∂t
+ τo

∂2

∂ t2

)
(θ + εe) −

(
1 + τ0

∂

∂t

)
Q (8)
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while the constitutive relation Eq. 5, becomes

σxx = 2
∂u

∂x
+ (β2 − 2)e − β2θ (9a)

σyy = 2
∂v

∂y
+ (β2 − 2)e − β2θ (9b)

σxy = ∂u

∂y
+ ∂v

∂x
(9c)

In the above equations, we have

β2 = λ + 2μ

μ
, ε = T0γ

2

ρcE (λ + 2μ)

Combining Eqs. 6 and 7, we obtain upon using Eq. 4,

(
∇2 − ∂2

∂ t2

)
e = ∇2θ − div F (10)

The boundary conditions are taken as

θ(0, y, t) = θ0 H(t) H(c − |y|) (11a)

σxx (0, y, t) = 0 (11b)

σxy(0, y, t) = 0 (11c)

In Eq. 11, θ0 and c are constants while H(.) is the Heaviside unit step function. Thus,
the surface x = 0 is heated on a band of width 2c around the y-axis, while the rest of
the surface is kept at the reference temperature T0(θ = 0).

3 Solution in the Laplace Transform Domain

Applying the Laplace transform defined by the relation,

f̄ (x, y, s) = L [ f (x, y, t)] =
∞∫

0

e−st f (x, y, t) dt

to both sides of Eqs. 6–10, we obtain

(∇2 −β2 s2)ū = (1 − β2)
∂ ē

∂x
+ β2 ∂θ̄

∂x
− β2 F̄x (12)

(∇2 −β2 s2)v̄ = (1 − β2)
∂ ē

∂y
+ β2 ∂θ̄

∂y
− β2 F̄y (13)

(∇2 − s − τ0s2) θ̄ = ε(s + τ0s2) ē − (1 + τ0s)Q̄ (14)
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(∇2 − s2)ē = ∇2θ̄ − div F̄ (15)

σ̄xx = 2
∂ ū

∂x
+ (β2 − 2)ē − β2θ̄ (16a)

σ̄yy = 2
∂v̄

∂z
+ (β2 − 2)ē − β2θ̄ (16b)

σ̄xy = ∂ ū

∂y
+ ∂v̄

∂x
(16c)

The boundary conditions, Eq. 11, in the transformed domain, take the form,

θ̄ (0, y, s) = θ0

s
H(c − |y|) (17a)

σ̄xx (0, y, s) = 0 (17b)

σ̄xy(0, y, s) = 0 (17c)

Eliminating ē between Eqs. 14 and 15, we get

[
∇4 −

(
s2 + s(1 + ε)(1 + τ0s)

)
∇2 + s3 (1 + τ0s)

]
θ̄

= − (1 + τ0s)
(
ε s div F̄ + (∇2 − s2)Q̄

)
(18)

The above equation can be factorized as

(
∇2 − k2

1

) (
∇2 − k2

2

)
θ̄ = − (1 + τ0s)

(
ε s div F̄ + (∇2 − s2)Q̄

)
(19)

where k2
1 and k2

2 are the roots of the characteristic equation,

k4 −
(

s2 + s(1 + τ0s)(1 + ε)
)

k2 + s3 (1 + τ0s) = 0 (20)

The solution of Eq. 19 can be written in the form,

θ̄ = θ̄1 + θ̄2 + θ̄p

where θ̄i is a solution of the homogenous equation,

(∇2 − k2
i ) θ̄i = 0, i = 1, 2 (21)

and θ̄p is a particular solution of Eq. 19.
In order to solve the problem, we shall use the exponential Fourier transform with

respect to y. This transform of a function f̄ (x, y, s) is defined by the relation [19,20],

f̄ ∗(x, q, s) = 1√
2π

∞∫
−∞

f̄ (x, y, s) e−iqydy
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The inverse transform is given by the relation [19,20],

f̄ (x, y, s) = 1√
2π

∞∫
−∞

f̄ ∗(x, q, s)eiqydq

Applying the Fourier exponential transform to both sides of Eq. 21, we obtain

(
D2 − μ2

i

)
θ̄∗

i = 0, i = 1, 2 (22)

where D = ∂
∂ x , μ2

i
= k2

i + q2, i = 1, 2.
The solution of Eq. 22, that is bounded as x → ∞, can be written as

θ̄∗
i = Ai (k

2
i − s2) e−μi x , i = 1, 2 (23a)

where Ai = Ai (q, s), i = 1, 2, are parameters depending on q and s.
From now on, we shall take the body force in the form,

Fx (x, y, t) = H(t)H(x − a)

(1 + y2)
, Fy(x, y, t) = 0

where a is a constant.
Thus,

F̄x (x, y, s) = H(a − x)

s (1 + y2)
, F̄y(x, y, s) = 0

and

F̄∗
x (x, q, s) =

√
π

2

H(x − a)e−a|q|

s
, F̄∗

y (x, q, s) = 0

From now on, we shall take the heat source in the form,

Q(x, y, t) = H(t) e−bx

(1 + y2)

where b is a constant.
The heat source in the Laplace Fourier transformed domain can be written as

Q̄∗(x, q, s) =
√

π

2

e−b x e−|q|

s

The particular solution of the Fourier transform of Eq. 19 can be written in the form,

θ̄∗
p = −

√
π

2

(1 + τ0s)(b2 − μ2)e−|q|e−bx

s(b2 − μ2
1)(b

2 − μ2
2)

(23b)
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Using Eq. 23, the solution θ̄∗ takes the form,

θ̄∗ =
2∑

i=1

Ai (k
2
i − s2)e−μi x −

√
π

2

(1 + τ0s)(b2 − μ2)e−|q|e−bx

s(b2 − μ2
1)(b

2 − μ2
2)

(24)

By the same reasoning we can write

ē∗ =
2∑

i=1

Ai k
2
i e−μi x −

√
π

2

[
(b2 − q2)(1 + τ0s)

s (b2 − μ2
1)(b

2 − μ2
2)

]
e−|q|e−bx (25)

where μ = √
q2 + s2.

Taking the Fourier transform of Eq. 12, we get

(
D2 − q2 − β2s2

)
ū∗ = (1 − β2)D ē∗ + β2D θ̄∗ − β2 F̄∗

x (26)

Substituting from Eqs. 24 and 25 into the right-hand side of Eq. 26, we obtain the
following equation satisfied by ū∗:

(
D2−q2−β2s2

)
ū∗ =

2∑
i=1

(
β2s2−k2

i

)
μi Ai e

−μi x

−
√

π

2

[
β2 H(x−a)

s
+ b(1+τ0s) (q2+β2s2−b2) e−bx

s (b2−μ2
1)(b

2−μ2
2)

]
e−|q|

(27)

The solution ū∗ of Eq. 27 has the form,

ū∗ = Be−μ3x −
2∑

i=1

Aiμi e
−μi x

+
√

π

2

[
β2 H(x − a)

s μ2
3

+ b(1 + τ0s)e−bx

s (b2 − μ2
1)(b

2 − μ2
2)

]
e−|q| (28)

where μ3 = √
q2 + β2s2 and B = B(q, s) is a parameter depending on q and s.

Applying the Laplace transform and then the exponential Fourier transform with
respect to the variable y to both sides of Eq. 4, we get

v̄∗ = 1

iq

(
ē∗ − D ū∗) (29)
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Substituting from Eqs. 25 and 28 into the right-hand side of Eq. 29, we obtain

v̄∗ = iq

{
2∑

i=1

Ai e
−μi x −

√
π

2

[
(1 + τ0s)e−|q|e−bx

s (b2 − μ2
1)(b

2 − μ2
2)

]
− Bμ3e−μ3x

q2

}
(30)

Taking the Laplace and the exponential Fourier transforms of both sides of Eqs. 9a and
9c, we obtain upon using Eqs. 24, 25, 28, and 30, the transforms of the components
of the stress tensor in the form,

σ̄ ∗
xx = −2Bμ3e−μ3x +

(
β2s2 + 2q2

)(
2∑

i=1

Ai e
−μi x − (1 + τ0s)e−|q|e−bx

s (b2 − μ2
1)(b

2 − μ2
2)

)

(31)

σ̄ ∗
xy = iq

{
(β2s2 + 2q2)

q2 Be−μ3x − 2
2∑

i=1

Aiμi e
−μi x

+
√

π

2

[
β2 H(x − a)

s μ2
3

+ 2b(1 + τ0s)e−bx

s (b2 − μ2
1)(b

2 − μ2
2)

]
e−|q|

}
(32)

The boundary conditions, Eq. 17, in the transformed Fourier domain, take the form,

θ̄∗(0, q, s) =
√

π

2

θ0

s

sin qc

q
(1 − iπqδ(q)) (33a)

where δ(.) is the Dirac delta function.

σ̄ ∗
xx (0, q, s) = 0 (33b)

σ̄ ∗
xy(0, q, s) = 0 (33c)

Using the boundary conditions, Eqs. 33a, 33b, and 33c, to evaluate the parameters
A1, A2, and B, we obtain the three equations,

A1(k
2
1 − s2) + A2(k

2
2 − s2)

=
√

π

2

(
θ0 (1 − iπqδ(q)) sin qc

qs
+ (1 + τ0s) (b2 − μ2) e−|q|

s (b2 − μ2
1)(b

2 − μ2
2)

)
(34)

(
2q2 + β2s2

)
[A1 + A2] − 2μ3 B =

√
π

2

(1 + τ0s)(β2s2 + 2q2)e−|q|

s(b2 − μ2
1)(b

2 − μ2
2)

(35)

2A1μ1 + 2A2μ2 − β2s2 + 2q2

q2 B = −
√

π

2

2b(1 + τ0s)e−a|q|

s (b2 − μ2
1)(b

2 − μ2
2)

(36)

If a solution (A1, A2, B) to Eqs. 34–36 is found, a formal solution to the problem in
the transformed domain can be obtained.
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4 Inversion of the Double Transform

We shall now outline the numerical inversion method used to find the solution in
the physical domain. Let f̄ ∗(x, q, s) be the Laplace–Fourier transform of a function
f (x, y, t). The complex inversion formula for Laplace transforms can be written as
[19]

f ∗(x, q, t) = 1

2iπ

c+i∞∫
c−i∞

est f̄ ∗(x, q, s)ds

where c is an arbitrary real number greater than all the real parts of the singularities
of f̄ ∗(x, q, s). Taking s = c + ir , the above integral takes the form,

f ∗(x, q, t) = ect

2π

∞∫
−∞

eitr f̄ ∗(x, q, c + ir)dr

Expanding the function h(x, q, t) = e−ct f ∗(x, q, t) in a Fourier series in the interval
0 ≤ t ≤ 2L , for fixed x, q, we obtain the approximate formula [21],

f ∗(x, q, t) = f ∗∞(x, q, t) + ED

where

f ∗∞(x, q, t) = 1

2
c0(x, q, t) +

∞∑
k=1

ck(x, q, t) for 0 ≤ t ≤ 2L (37)

and

ck(x, q, t) = ect

L
Re

[
eikπ t/L f̄ ∗(x, q, c + ikπ/L)

]
, k = 0, 1, 2, . . . (38)

ED, the discretization error, can be made arbitrarily small by choosing the constant c
sufficiently large [21].

We note that the number L is fixed during computation. Its optimal value that
ensures fast convergence is approximately 1.5 t.

Since the infinite series in Eq. 37 can only be summed up to a finite number N of
terms, the approximate value of f ∗(x, q, t) becomes

f ∗
N (x, q, t) = 1

2
c0(x, q, t) +

N∑
k=1

ck(x, q, t) for 0 ≤ t ≤ 2L (39)

Using the above formula to evaluate f ∗(x, q, t), we introduce a truncation error ET

that must be added to the discretization error to produce the total approximation error.
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Two methods are used to reduce the total error. First, the ‘Korrecktur’ method [21]
is used to reduce the discretization error. Next, the ε-algorithm is used to reduce the
truncation error and hence to accelerate convergence.

The Korrecktur method uses the following formula to evaluate the function
f ∗(x, q, t) :

f ∗(x, q, t) = f ∗∞(x, q, t) − e−2cL f ∗∞(x, q, 2L + t) + E ′
D

where the discretization error
∣∣E ′

D

∣∣ � |ED| [21].
Thus, the approximate value of f ∗(x, q, t) becomes

f ∗
N K (x, q, t) = f ∗

N (x, q, t) − e−2cL f ∗
N ′(x, q, 2L + t) (40)

N ′ is an integer such that N ′ < N .
We shall now describe the ε-algorithm that is used to accelerate the convergence

of the series in Eq. 39. Let N be an odd natural number, and let

sm(x, q, t) =
m∑

k=1

ck(x, q, t)

be the sequence of partial sums of Eq. 39. We define the ε-sequence by

ε0,m = 0, ε1,m = sm

and

εp+1,m = εp−1,m+1 + 1/(εp,m+1 − εp,m), p = 1, 2, 3, . . .

It can be shown that [21] the sequence

ε1,1, ε3,1, ε5,1, . . . , εN ,1

converges to f ∗(x, q, t) + ED − c0/2 faster than the sequence of partial sums,

sm, m = 1, 2, 3, . . .

The actual procedure used to invert the Laplace transforms consists of using Eq. 40
together with the ε-algorithm. The values of c and L are chosen according to the
criteria outlined in [21].

Next the inverse exponential Fourier transform of the function f ∗(x, q, t) is
obtained from the formula,

f (x, y, t) = 1√
2π

∞∫
−∞

eiqy f ∗(x, q, t) dq
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Table 1 Properties

k = 386 J · K−1 · m−1 · s−1 αt = 1.78×10−5 K−1 cE = 383.1 J · kg−1 · K−1 η = 8886.73 s · m−2

μ= 3.86 × 1010 N · m−2 λ= 7.76×1010 N · m−2 ρ = 8954 kg · m−3 c1 = 4.158×103m · s−1

τ0 = 0.02 s T0 = 293 K ε= 0.0168 N · m · J−1 β2 = 4

θ0 = 1 a = 1 b = 1 c = 1
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Fig. 1 Temperature distribution in the absence of thermal shock
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Fig. 2 Displacement distribution in the absence of thermal shock

This integral was evaluated numerically for the different functions using Romberg
integration techniques.

5 Numerical Results

Copper material was chosen for purposes of numerical evaluations. The constants of
the problem are shown in Table 1
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Fig. 3 Stress distribution in the absence of thermal shock
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Fig. 4 Temperature distribution in the absence of body forces and heat sources

The computations were performed for three values of non-dimensional time, equal
to t = 0.05, t = 0.10, and t = 0.20. The numerical technique outlined above was used
to obtain the temperature, displacement, and stress distributions. All functions were
evaluated inside the medium on the x-axis (y = 0) as functions of x . The tempera-
ture increment θ , the displacement component u, and the stress component σxx are
represented by the graphs in Figs. 1, 2, and 3 in the absence of thermal shock and
under the effect of the body forces and heat sources. The temperature increment θ , the
displacement component u and the stress component σxx are represented by the graph
in Figs. 4, 5, and 6 in the absence of both body forces and heat sources and under
the action of the thermal shock. The total effect of body forces, heat sources, and
thermal shock are represented in Figs. 7, 8, and 9. We note that due to the symmetry,
the displacement component v is identically zero on the x-axis.

123



660 Int J Thermophys (2010) 31:648–662
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Fig. 5 Displacement distribution in the absence of body forces and heat sources
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Fig. 6 Stress distribution in the absence of body forces and heat sources
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Fig. 7 Total temperature distribution
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Fig. 8 Total displacement distribution
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Fig. 9 Total stress distribution

6 Conclusions

The problem is solved using a direct approach that eliminates the well known prob-
lems associated with the solution using potential functions. The numerical inversion
method proved to be very fast and efficient. The solution exhibits the finite wave speeds
associated with the generalized theory of thermoelasticity as opposed to the infinite
speeds associated with the coupled theory. The wave fronts for the temperature and
stress distributions are represented by discontinuities in the functions themselves and
by a discontinuous first derivative in the displacement distribution. The applied force
and the heat sources tend to increase all the functions considered.
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